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Using the t-J Hamiltonian of U(1) slave-boson symmetry, bose condensation is discussed by
showing the occurrence of symmetry breaking in the hole doped high Tc cuprates. The symme-
try breaking is shown to take place with the d-wave hole pairing, but not with the s-wave hole
pairing. Based on a derived supersymmetry Hamiltonian we find that there exists a possibility
of supersymmetry conditions in association with the pairing order parameters of both spinon and
holon.
PACS numbers: 74.25.Dw, 74.20.-z, 74.10.+v
Using the U(1) slave-boson approach [1]- [3] to the t-J
Hamiltonian, previous studies showed a possibility of d-
wave superconductivity(bose condensation) referring to
a composite of d-wave spinon(fermion) pairing and sin-
gle holon(boson) condensation. Another possibility is the
d-wave superconductivity associated with the composite
of d-wave spinon pairing, < fi↑fj↓ > and s-wave holon
pairing, < b†ib
†
j > for the hole-pairing order parameter
of ∆ ≈< ci↑cj↓ >=< fi↑fj↓ >< b
†
ib
†
j >. Lately Wen
and Lee proposed an SU(2) slave-boson theory and ques-
tioned whether the single holon bose condensation or the
holon pair bose condensation is favored in the supercon-
ducting phase [4]. In the present study, by introducing
an improved approach of treating the Heisenberg term
over our earlier theory [5], we discuss bose condensation
by showing the occurrence of symmetry breaking with
respect to holon pairing. In low dimensions, the spon-
taneous ordering of infinite-range can not occur at finite
temperatures [6]. Thus we stress that the term ’bose
condensation’ refers to a finite range order, but not the
infinite range order, as is often alluded in the literatures
[1]- [4]. In addition, we explore a possible existence of the
supersymmetry conditions in association with the pair-
ing order parameters of both the spinon(fermion) and
the holon(boson) with both the spinon and holon pairing
order parameters.
We write the t-J Hamiltonian,
H = −t
∑
<i,j>
(c†iσcjσ + c.c.) + J
∑
<i,j>
(Si · Sj −
1
4
ninj)
−µ0
∑
i,σ
c†iσciσ, (1)
where Si·Sj−
1
4ninj = −
1
2 (c
†
i↓c
†
j↑−c
†
i↑c
†
j↓)(cj↑ci↓−cj↓ci↑).
Si is the electron spin operator at site i, Si =
1
2c
†
iασαβciβ
with σαβ , the Pauli spin matrix element. ni is the elec-
tron number operator at site i, ni = c
†
iσciσ . Allowing the
occupancy constraint, c†iσciσ ≤ 1, the U(1) slave-boson
representation of the above t-J Hamiltonian is,
H = −t
∑
<i,j>
(f †iσfjσb
†
jbi + c.c.)
−
J
2
∑
<i,j>
bibjb
†
jb
†
i (f
†
i↓f
†
j↑ − f
†
i↑f
†
j↓)(fj↑fi↓ − fj↓fi↑)
−µ0
∑
i,σ
f †iσfiσ + i
∑
i
λi(f
†
iσfiσ + b
†
ibi − 1), (2)
where fiσ(f
†
iσ) is the spinon annihilation(creation) op-
erator and bi(b
†
i ), the holon annihilation(creation) op-
erator. Here the holon(b) represents the spinless boson
with charge +e and the spinon(f), the chargeless fermion
with spin 12 . λi is the Lagrangian multiplier to enforce
the local single occupancy constraint. It is of note that
bib
†
ibjb
†
j = 1 was assumed in the previous studies [1]- [5].
This identity is valid only for the case of no charge fluctu-
ations at each site which can occur only at half-filling(i.e.,
no hole doping) where site to site hopping is prohibited.
For generality we allow such fluctuations for the quantum
systems of interest in the hole doped systems.
We cast the Heisenberg coupling term(second term of
Eq.(2)) into
−
J
2
bibjb
†
jb
†
i (f
†
i↓f
†
j↑ − f
†
i↑f
†
j↓)(fj↑fi↓ − fj↓fi↑)
= −
J
2
〈
bibjb
†
jb
†
i
〉
(f †i↓f
†
j↑ − f
†
i↑f
†
j↓)(fj↑fi↓ − fj↓fi↑)
−
J
2
bibjb
†
jb
†
i
〈
(f †i↓f
†
j↑ − f
†
i↑f
†
j↓)(fj↑fi↓ − fj↓fi↑)
〉
+
J
2
〈
bibjb
†
jb
†
i
〉〈
(f †i↓f
†
j↑ − f
†
i↑f
†
j↓)(fj↑fi↓ − fj↓fi↑)
〉
−
J
2
(
bibjb
†
jb
†
i −
〈
bibjb
†
jb
†
i
〉)
×(
(f †i↓f
†
j↑ − f
†
i↑f
†
j↓)(fj↑fi↓ − fj↓fi↑)
−
〈
(f †i↓f
†
j↑ − f
†
i↑f
†
j↓)(fj↑fi↓ − fj↓fi↑)
〉)
,
(3)
1
where the first three terms represent the mean field con-
tributions and the last term involves correlations between
the fluctuations of the pairing order parameters of the
spinon and the holon respectively. The contribution of
the last term may be minimal particularly in the under-
doped region where there exists a large difference between
the pseudogap(spin gap) transition temperature and the
superconducting transition temperature.
By introducing the Hubbard-Stratonovich fields, ρki ,
χji and ∆
f
ji corresponding to the spinon channels involv-
ing the direct, exchange, and pairing interactions in the
first term of Eq.(3), we obtain the effective Hamiltonian
from Eq.(2) [7],
Heff = J(1− δ
2)
∑
<i,j>
[
|∆fji|
2 +
1
4
|χji|
2
−
1
4
χ∗ji
(
f †jσfiσ +
4t
J(1− δ)2
b†jbi
)
− c.c.
+
1
4
ni −
1
2
∆f∗ji (fj↑fi↓ − fj↓fi↑)− c.c.
]
+
J(1− δ)2
2
∑
<i,j>
3∑
k=0
(
(ρki )
2 − (ρki )(f
†
j σ
kfj)
)
−µ0
∑
i
f †iσfiσ − i
∑
i
λi(f
†
iσfiσ + b
†
ibi − 1)
−
∑
<i,j>
J
2
|∆fij |
2bibjb
†
i b
†
j +
4t2
J(1− δ)2
∑
<i,j>
(b†jbi)(b
†
i bj), (4)
where |∆fij |
2 =
〈
(f †i↓f
†
j↑ − f
†
i↑f
†
j↓)(fj↑fi↓ − fj↓fi↑)
〉
for
spinon pairing. In the above equation we ignored the
correlation effects between the fluctuations of the order
parameters. σ is the Pauli spin matrices and δ, the hole
doping rate. The parenthesis (b†jbi)(b
†
i bj) in the last term
represents only the exchange interaction channel. The
exchange channel involves a large repulsive(positive) en-
ergy of order U ≈ 4t
2
J
and has been ignored [3] [4]. The
holon-holon interaction term(one before the last term)
involves holon pairing which is coupled with(varies with)
the spinon pairing order ∆f . The Lagrangian multiplier
term will be incorporated into the effective chemical po-
tential terms of the spinon and the holon respectively.
The Hubbard Stratonovich transformation for the hole
pairing channel leads to
e
∑
<i,j>
J
2 |∆
f
ij
|2b†
i
b
†
j
bibj ∝∫ ∏
<i,j>
d∆b∗ji d∆
b
jie
−
∑
<i,j>
J
2 |∆
f
ij
|2
[
|∆bji|
2−∆b∗ji (bjbi)−c.c
]
, (5)
where ∆b is the scalar boson field of holon pairing. Us-
ing Eq.(5) above and the saddle point approximation we
obtain the mean field Hamiltonian from Eq.(4),
HMF =
∑
<i,j>
[J(1− δ)2
2
|∆fji|
2 +
J(1− δ)2
4
|χji|
2 +
J
2
|∆fij |
2|∆bji|
2
+
J
2
|∆fji|
2δ2
]
−
J(1− δ)2
2
∑
<i,j>
[
∆f∗ji (fj↑fi↓ − fj↓fi↑)
+c.c.
]
−
J(1 − δ)2
4
∑
<i,j>
[
χ∗ji(f
†
jσfiσ) + c.c.
]
+
+
J(1− δ)2
2
∑
<i,j>
3∑
k=0
(
(ρki )
2 −
3∑
k=0
(ρki )(f
†
j σ
kfj)
)
−t
∑
<i,j>
[
χ∗ji(b
†
jbi) + c.c.
]
−
∑
<i,j>
J
2
|∆fij |
2
[
∆b∗ji (bibj) + c.c.
]
−
∑
i,σ
µfi
(
f †iσfiσ − (1− δ)
)
−
∑
i
µbi(b
†
ibi − δ), (6)
where χji =< f
†
jσfiσ +
4t
J(1−δ)2 b
†
jbi >= χ
f
ji +
4t
J(1−δ)2χ
b
ji
with χfji =< f
†
jσfiσ > and χ
b
ji =< b
†
jbi >, ∆
f
ji =<
fj↑fi↓ − fj↓fi↑ >, ∆
b
ji =< bjbi >, ρ
k
i =<
1
2f
†
i σ
kfi >,
µfi = µ0 + iλi − J(1 − δ)
2/2 and µbi = iλi −
J
2
∑
i=i±xˆ,yˆ |∆
f
ji|
2. ρk=1,2,3i =< S
k
i > will be taken to be
0 [3] and ρk=0i =
1
2 < ni > will be incorporated into the
spinon chemical potential term. For simplicity we allow
uniform(site-independent) chemical potentials, µfi = µ
f
and µbi = µ
b.
We now introduce a uniform(that is, site-independent)
hopping order parameter with the flux phase, χji =
χe±iθ, where the sign +(−) is for the counterclock-
wise(clockwise) direction around a plaquette and the
pairing order parameters, ∆fji = ∆fe
±iτf and ∆bji =
∆be
±iτb , where the sign +(−) is for the ij link parallel
to xˆ (yˆ) and ∆b, ∆f and χ denote uniform(site inde-
pendent) amplitudes [3]. The subscripts i and j will be
deleted from now on. We employ the Bogoliubov-Valatin
transformation following the momentum space represen-
tation of the mean field Hamiltonian HMF in Eq.(6).
The resulting Hamiltonian is diagonalized as
HMF = N(1− δ)2J
(χ2
2
+ ∆2f
)
+
′∑
k,s=±1
Efks(α
†
ksαks − βksβ
†
ks) +NJ∆
2
f (∆
2
b + δ
2)
+
′∑
k,s=±1
(
Ebksh
†
kshks +
Ebks + µ
b
2
)
)
−Nδµf +Nδµb, (7)
where
∑′
denotes the summation over momentum k in
the half reduced Brillouin zone, and s = +1 and −1 rep-
resent the upper and lower energy bands of quasiparticles
respectively.
Here Efks and E
b
ks are the quasiparticle energies,
Efks =
√
(ǫfks − µ
f )2 +
(
J(1− δ)2ξk(τf )∆f
)2
, (8)
2
for spinons and
Ebks =
√
(ǫbks − µ
b)2 −
(
J∆2f ξk(τ
b)∆b
)2
, (9)
for holons, where the symbol definitions are, for φ = θ,
τf or τb
ξk(φ) =
√
γ2k cos
2 φ+ ϕ2k sin
2 φ, , (10)
ǫfks =
J(1− δ)2
2
sχξk(θ), (11)
ǫbks = 2tsχξk(θ), (12)
with φ = θ, τf or τb, γk = (cos kx + cos ky) and
ϕk = (cos kx − cos ky). Here ǫ
f
ks and ǫ
b
ks are the quasi-
particle energies for spinons and holons respectively in
the absence of both the spinon and holon pairing, i.e.,
∆f = ∆b = 0. αks(α
†
ks) and βks(β
†
ks) are the anni-
hilation(creation) operators of spinon quasiparticles or
’quasi-spinons’ of spin up and spin down respectively, and
hks(h
†
ks), the annihilation(creation) operators of holon
quasiparticles or ’quasi-holons’.
Considering a case of equivalence between the quasi-
spinon energy and the quasi-holon energy, i.e., Efks =
Ebks, we obtain from Eq.(7)
HSUSY =
′∑
k,s=±1
Eks(g
†
ksgks + h
†
kshks), (13)
with gks = αks or βks. The above Hamiltonian is a
SUSY(supersymmetry) Hamiltonian; the SUSY algebra
[8] {Q,Q} = HSUSY is satisfied with the supercharge
operator, Q =
∑′
k,s=±1
√
Eks
2
(
g†kshks + h
†
ksgks
)
. Allow-
ing the equality of Efks = E
b
ks between Eqs. (8) and
(9), we obtain the SUSY conditions of ∆f = ∆
b = 0,
χf = χb = 0 and µf = µb. These SUSY conditions may
be satisfied in the intermediate doping region between the
antiferromagnetic phase and the superconducting phase
at T = 0K. Obviously one of the SUSY conditions,
∆b = 0 is satisfied in this region. It will be of great in-
terest to experimentally verify the disappearance of the
spinon(spin singlet) pairing which may occur as a result
of quantum fluctuations at 0K.
From the diagonalized Hamiltonian Eq.(7), we obtain
the total free energy,
F = NJ(1− δ)2
(
∆2f +
1
2
χ2
)
−2kBT
′∑
k,s=±1
ln[cosh(βEfks/2)]−Nδµ
f − 2NkBT ln2
+NJ∆2f (∆
2
b + δ
2) + kBT
′∑
k,s=±1
ln[1− e−βE
b
ks ]
+
′∑
k,s=±1
Ebks + µ
b
2
+Nδµb. (14)
By minimizing the above free energy, the order parame-
ters χ, ∆f and ∆b are numerically obtained as a function
of temperature and doping rate. The chemical potential
of quasi-holons for the hole-doped systems at finite tem-
perature can be determined from the relation ∂F
∂µb
= 0.
Likewise, the chemical potential of the quasi-spinons can
be obtained from ∂F
∂µf
= 0.
Using Eq.(14), we obtain
−
∂F
∂µb
=
′∑
k,s=±1
[ 1
eβE
b
ks − 1
ǫbks − µ
b
Ebks
+
ǫbks − µ
b − Ebks
2Ebks
]
−Nδ
= 0, (15)
∂F
∂∆b
= 2J∆2f∆b
[
N −
′∑
k,s=±1
( 1
eβE
b
ks − 1
+
1
2
)J∆2fξk(τb)2
2Ebks
]
= 0. (16)
It is gratifying to note that in the absence of holon pair-
ing, i.e., ∆b = 0, Eq.(15) leads to the Bose-Einstein
statistics relation
∑′
k,s=±1
1
e
β(ǫb
ks
−µb)
−1
= Nδ for free
holons(quasi-holons). The free energy of the holon-pair
boson is from Eq.(14),
F b = NJ∆2f (∆
2
b + δ
2) + kBT
′∑
k,s=±1
ln[1− e−βE
b
ks ]
+
′∑
k,s=±1
Ebks + µ
b
2
+Nδµb. (17)
This free energy is an even function of the complex
holon pair order parameter, ∆bji = ∆be
±iτb , that is,
F b(∆b, τ
b) = F b(∆b, τ
b + π), as can be verified from
Eq.(17) in association with Eq.(9). We note from Eq.(16)
that ∂F
∂∆b
= 0 at ∆b = 0, thus indicating that there ex-
ists a symmetry at ∆b = 0. However symmetry breaking
is found to occur only with the d-wave hole-pairing or-
der but not with the s-wave hole-pairing order. In the
following this will be further elaborated. For illustra-
tion we computed the free energy as a function of holon
pair order parameter, ∆b by first finding the saddle point
values of ∆f = 0.085 and χ = 1.63 with δ = 0.1 and
J/t = 0.4. For the case of d-wave hole(not holon) pair-
ing, ∆ =< ci↑cj↓ > which is the composite of the d-wave
spinon pairing, ∆f =< fi↑fj↓ > and the s-wave holon
pairing, ∆b =< b
†
ib
†
j > in the slave-boson representation
we found that there exist minima in the free energy at
finite values of ∆b at temperature below Tc, as is shown
in Fig.1. On the other hand, the s-wave hole pairing did
not occur owing to the absence of such minima. In short,
spontaneous symmetry breaking arises as a result of the
hole-pairing of the d-wave symmetry, but not the s-wave
3
symmetry at a critical temperature. In Fig.2 we dis-
play computed phase diagrams for various values of J/t.
The bose condensation temperature Tc is predicted to in-
crease with J/t, indicating that high Tc can be achieved
for cuprate materials possessing large values of J/t. The
experimentally observed phase diagrams display the bose
condensation lines of arch shape with the presence of op-
timal doping. The bose condensation temperature is seen
to decrease with hole doping rate beyond optimal doping,
in agreement with observation [10] [11].
Based on the improved approach to the U(1) slave-
boson theory, we found that symmetry breaking can take
place as a result of the hole pairing of the d-wave sym-
metry, but not the s-wave symmetry. It was shown that
a consideration of the supersymmetry Hamiltonian leads
to the prediction of the supersymmetry conditions of in-
volving ∆b = ∆f = 0 at T = 0K, which can occur in
the intermediate hole doping region between the antifer-
romagnetic phase and the superconducting phase. Fi-
nally the decreasing trend of the bose condensation tem-
perature Tc beyond the optimal doping is attributed to
the decrease of the pseudogap(spin gap) temperature T ∗.
This can be readily understood from the expression of
the holon pairing term in Eq.(4). Although not shown
here, we find that the SU(2) theory [12] does not alter
the above findings made in the present study. However
the SU(2) theory yields better agreement to the observed
phase diagrams of the high Tc cuprates, showing a closer
value of optimal doping rate to observation.
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FIG. 1. Free energy per site as a function of holon pair order
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t = 0.44eV [9]. The hole pairing of d-wave symmetry as a compo-
sition of the d-wave spinon pair order parameter and the s-wave
holon pair order parameter.
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FIG. 2. Computed phase diagrams with J/t = 0.4. T f de-
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holon pair condensation temperature. SG stands for the spin gap
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